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NOTE
A Note on Convergence of Linear Positive Operators
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Recently Shisha and Mond {3, 6| and Devore |1| determined a quan-
titative estimate for the degree of convergence of linear positive operators to
a given continuous function on a closed and bounded interval from the
degrees of convergence to the test functions x*, k=0, 1, 2. Ditzian |2]
modified these results to operators defined for functions on |[0.o0) or
(—o0, ).

Following Ditzian |2|, we define operators of the type # (T, S.u).

DEeriNITION 1.1, Let T < (—o0, 00) be closed, let —oc < a < b < co. and
set S =T [a, b]. Let u(t) be a real-valued function on T satisfying u(t) > 1.
t& T. A sequence {L,} of linear positive operators is said to be of type
AT, S, u) if the domain of each 7., consists of all functions (or ali
measurable functions) fon 7T satisfying there

OIS M + 1) u)
and if
(L, ) x) — 2%l = O > o0, k=0.1.2.
and
(L (=) (O ey < KL, (0= )2 ()l 5, = O(1).

K being a constant.
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2
The purpose of this note is to sharpen Theorem 2.1(C) of |2]. We prove

THEOREM 2.1. Let A be a positive number and let S, =|a,,b,| < |a, b|
so that for some n >0, |a,—n, b, +n|N TN (-0, 00)— |a, b|} =@. Let
{L,} be a sequence of linear positive operators of tvpe . % (T.S,u) and let
SE€ C'la, b). Then, for n> 1,

WL S =Sy <UL, Y= HHIAL L, =)l )

+—

| oA 2

+ Luj +u, [HL,, e

where o is the modulus of continuity on |a,b|, and u,=||L (t — x)(x)||'".
Il | being the sup-norm on S, and L a constant.

If (L,1)x)=1 and (L,#)(x) = x, then (2.1) reduces to

1Lt~ Flesy < (15 ol du) + L 22)

24
Proof. Forx&€ S,,t€ |a,—n, by +n| N T we write
SO =)= =) L0+ | (@) =1 00)

Using the proof in [7] and the inequality

1€—x|
0

@) —f (%) < ('1 + )w(f’:&). 50,

we get

(L, /)(x) =S ()L, 1)(x)]

<Ly D) + () L, [

e 55 o [

(Lt = x)")(x) J

<Lt =000 W]+ 0 0) | Ll x] )+ L2200

Choosing d = Au,, we pursue a slight modification of the proof given by
Ditzian |2], details of which we may omit.

ExampLE. The positive linear operators obtained from the inversion of
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the Weirstrass transform for measurable functions f on (—oo, o) are given
by

V2 o

e e

- exp (5 (z-x)lg‘)f(z)dz. a1,

s

From [2] we have

L) =1 (L) =x. (L)) =x+ %

so that (L,(t —x)*)(x)=2/n. Also L,€.# (T.u), where T = (—c0. o) and
u(t)=e""*. Choosing 4 = 1/,/2 in (2.2), we get

1 4+ 2 1
LS —f sy < (—V—) w (f’;A) CLiabonn

Vi Vi

L, being a constant, which is sharper than the corresponding estimate due to
Ditzian {2].

It is worthwhile to point out that Theorem 4 of Mohapatra |3] and the
result of Mond and Vasudevan [4] can be improved similarly.
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